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The focus of this project is the regularity theory of free boundary problems. This is a fascinating
topic, which combines methods from Analysis and Geometry, and has numerous applications to a large
variety of problems in Physics, Engineering and Economy, which involve partial differential equations
on domains whose boundary is free, that is, it is not a priori known. Typical examples are the Stefan
problem, describing the evolution of a block of melting ice, and the American stock options. Since the
shape of the boundary is free, it is a deep and usually extremely difficult question to study its fine
structure. The regularity theory is precisely the art of deducing the local structure of the free boundary
just by looking at a global energy-minimization property of the state function. In this project I aim to
develop new techniques to study the regularity of the free boundaries and to give a precise description
of the structure of the free boundaries around singular points. I will introduce a new variational
method for the analysis of the free boundaries, aiming to solve several major open questions related to
the classical one-phase, two-phase and the vectorial Bernoulli problems, the obstacle and thin-obstacle
problems, which are the most important models both from a theoretical and applicative point of view.
The techniques that I will develop in this project will have an impact on several domains, including the
minimal surfaces, harmonic maps, free discontinuity problems, parabolic and non-local free boundary
problems.
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THE OBSTACLE PROBLEM

Given: - a domain D ⊆ Rd,
- a function ϕ : D→ R,

- a boundary datum f : ∂D→ R.

ϕ is the obstacle

f ≥ ϕ on ∂D

�w = 0
coincidence
set: w = '

1

Minimize
∫

D
|∇w|2 dx among all the functions w : D→ R

such that w = f on ∂D and w ≥ ϕ in D.



THE OBSTACLE PROBLEM: REFORMULATION

Minimize
∫

D
|∇w|2 dx among all the functions w : D→ R

such that w = f on ∂D and w ≥ ϕ in D.

Setting:
u := w− ϕ
g := f − ϕ

Standart
assumtion:
∆ϕ = 1/2

∫

D
|∇w|2 dx =

∫

D
|∇(u + ϕ)|2 dx

=

∫

D
|∇u|2 dx +

∫

D
2∇ϕ · ∇u dx +

∫

D
|∇ϕ|2 dx

=

∫

D
|∇u|2 dx +

∫

D
(2∆ϕ) u dx + const.

Minimize
∫

D

(
|∇u|2 + u

)
dx among all the functions u : D→ R

such that u = g on ∂D and u ≥ 0 in D .



REGULARITY OF THE SOLUTION

1968 Brezis-Stampacchia (Bull. Soc. Math. Fr.) - u ∈ C1,α

Corollary: • Ωu = {u > 0} is open
• ∆u = 1/2 in Ωu
• ∇u is defined on ∂Ωu.
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Optimality condition:

|∇u| = 0 on ∂Ωu

∆u =
1
2
1{u>0} in B1



OPTIMAL REGULARITY OF THE SOLUTION

1973 Gerhardt (Arch. Rat. Mech. Anal.) - u ∈ C1,1

Blow-up:
For x0 ∈ ∂Ωu and r > 0, define

ur,x0(x) :=
1
r2 u(x0 + rx)

Then: • ur,x0 is a solution in B1;
• |∂i ∂j ur,x0 | ≤ C.
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Corollary (Compactness of the blow-up sequences). Let rn → 0 and x0 ∈ ∂Ωu.
Then, up to a subsequence,

urn,x0(x) :=
1
r2

n
u(x0 + rnx),

converges to a blow-up limit u0.



CLASSIFICATION OF THE BLOW-UP LIMITS

Regular blow-up limits.
The blow-up limit u0 : B1 → R is regular
if there is a vector ν ∈ ∂B1 such that u0 = hν .

Half-plane solutions:

hν(x) =
1
2

(x · ν)2
+

Velichkov Part B2 VAREG

�⌫

h⌫ = 0

�h⌫ = 1/2
h⌫ > 0

�QA = 1/2

{QA = 0} ⌘ Ker A

⌦u

@B1

u = 0

the graph of u over B1

the graph of g over @B1

the free boundary @⌦u

9

Singular blow-up limits.
The blow-up limit u0 : B1 → R is singular
if there is a matrix A such that u0 = QA.

Global singular solutions:

QA(x) =
1
2

x · Ax where tr A =
1
4

.
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DECOMPOSITION OF THE FREE BOUNDARY

Theorem (Caffarelli):
The free boundary can be decomposed as

∂Ωu = Reg(∂Ωu) ∪ Sing(∂Ωu)

Reg(∂Ωu) :=
{

x0 ∈ ∂Ωu : every blow-up at x0 is regular
}

Sing(∂Ωu) :=
{

x0 ∈ ∂Ωu : every blow-up at x0 is singular
}
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Structure of the regular part of the free boundary
1977 Caffarelli (Acta Math.) - Reg(∂Ωu) is a C1,α-regular manifold.
1977 Kinderlehrer-Nirenberg (Ann. Sc. Norm. Sup. Pisa) - C1,α => analytic.

What about the (closed) singular set Sing(∂Ωu)?



THE SINGULAR SET IN DIMENSION TWO

1977 Caffarelli-Riviere (Ann. of Math.)
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2003 Monneau (J. Geom. Anal.)
Monneau monotonicity formula
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1976 Schaeffer (Ann. SNS Pisa)
1991 Sakai (Acta Math.)
1996 Sakai (Ann. SNS Pisa)
1999 Weiss (Invent. Math.)
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• Γ ∈ C1 (Caffarelli-Riviere, Monneau); Γ ∈ C1,α (Weiss);
• Γ ∩ Sing might be a Cantor set if ∆u = f (x)1{u>0} (Schaeffer);
• Γ ∩ Sing is finite if f (x) is analytic (Sakai).



THE SINGULAR SET IN HIGHER DIMENSION

Stratification of the singular set
• At every x0 ∈ Sing the blow-up is unique (Caffarelli’98):

ux0 = QAx0
= x · Ax0 [x]

• Every x0 ∈ Sing has a rank:
Rank (x0) = dim Ker Ax0 .

•We define the m-th stratum Σm of the singular set as:
x0 ∈ Σm⇔ Rank (x0) = m.

1998 Caffarelli (J. Fourier Anal. Appl.): Σm ∈ C1

2001 Monneau (Progr. Math.): Σm ∈ C1

2018 Colombo-Spolaor-Velichkov (Geom. Funct. Anal.): Σm ∈ C1,log

2018 Figalli-Serra (Invent. Math.): C1,log is optimal, but Σm is a.e. C1,1 or better.



EPIPERIMETRIC INEQUALITIES

Minimal surfaces
1960 Reifenberg (Ann. of Math.) - regularity;
1966 Jean Taylor (Ann. of Math.) - Y-type singularities;
1984 Brian White (Duke Math. J.) - two-dimensional currents.

The Weiss approach to the regularity of the flat free boundaries
1999 Weiss (Invent. Math.) - obstacle problem;
2016 Focardi-Spadaro (Adv. Diff. Eq.) - thin-obstacle problem;
2016 Garofalo-Petrosyan-Vega Garcia (J. Math. Pures Appl.) - thin-obstacle problem.

Direct approach –> log-epiperimetric inequality –> constructive approach
2017 Spolaor-Velichkov (Comm. Pure Appl. Math.) - the one-phase problem;
2017 Colombo-Spolaor-Velichkov (Geom. Funct. Anal.) - obstacle problem;
2017 Colombo-Spolaor-Velichkov (Comm. Pure Appl. Math.) - thin-obstacle problem;
2018 Engelstein-Spolaor-Velichkov - the one-phase problem;
2018 Engelstein-Spolaor-Velichkov (Geom. Topol.) - (almost-)minimal surfaces;
2018 Spolaor-Trey-Velichkov - the two-phase problem (for almost-minimizers).



THE THEOREM OF REIFENBERG

Hypotheses

Thesis

1. Monotonicity formula:
∂

∂r
E(ur) =

1
r
(
E(zr)− E(ur)

)
+

1
r

∫

∂B1

|x · ∇ur − 2ur|2

2. Epiperimetric inequality: E(ur) ≤ (1− ε)E(zr)

There is a unique blow-up limit u0 = lim
r→0

ur

‖ur−u0‖L2(∂B1)
≤ rε for every r > 0

The free boundary is C1,ε-regular.



EPIPERIMETRIC INEQUALITY

How to prove the epiperimetric inequality for the energy E?

Given a 2-homogeneous nonnegative function z : B1 → R ,
find h : B1 → R such that:

h ≥ 0 in B1 h = z on ∂B1 E(h) ≤ (1− ε)E(z)

Velichkov Part B2 VAREG

In [88], together with Spolaor, I proved (EPI) for the problems (1P), (2P) and (V) in dimension
two. Our proof is constructive (we find a function h such that (8) holds) and inspired the works
[88, 57, 56, 42, 43, 44, 87]. To give a constructive proof to the epiperimetric inequality (EPI) or the
logarithmic epiperimetric inequality (log-EPI) means to answer the following question:

(Q) How can one improve the energy E(z) of a homogeneous function z : B1 ! R?

My strategy in the case E = W⇤ (⇤ = 1p, 2p or v ) has two main steps:

Step 1. Inspired by the work of Reifenberg, I first replaced z by the harmonic function in ⌦z with the
same boundary datum on @⌦z. This allows to reduce the problem to the case when the trace of u on

@B1 is a multiple of the first eigenfunction �1 on the spherical set ⌦u \@B1 and so z(r, ✓) = r�1(✓) .

Step 2. At this point, there is no PDE argument that can indicate us the precise competitor, so we
need to modify directly the domain ⌦z. Let me give you my heuristic argument. First notice that the
best possible function for the energy W1p is precisely the solution u of the one-phase problem. Let

me write u in polar coordinates as u(r, ✓) = rur(✓), where ur(✓) = 1
ru(r, ✓) . We know that u1 is the

trace of u on the unit sphere and u0 is of the form u0(x) = max{0, x · ⌫}, for some ⌫ 2 @B1. The map
r 7! ur(✓) is a flow that starts from u1 and moves it towards the half-plane solution u0. Thus, the
competitor h should simulate the same behavior and so, in dimension two, the answer to (Q) is

0

y

x@{h > 0}
@{z > 0}

h = z = u on @B1

Fig. B2-9. Small cones

(A) • If the length of the arc
⌦u \ @B1 is smaller than ⇡,
then one should push the free
boundary @{z > 0}\B1 towards
outside (see Fig. B2-9);

• if the length of the arc
{u > 0}\ @B1 is bigger than ⇡,
then one should push the free
boundary @{z > 0}\B1 towards
inside (see Fig. B2-10).
In dimension two, �1 is explicit,
so also the competitor h can be
written explicitly.

0

y

x

@{z > 0}

@{h > 0}

h = z = u on @B1

Fig. B2-10. Big cones

In dimension d � 3, the principle is still the same, but the situation is technically more complicated.
Even if @{z > 0}\ @B1 is a graph over the equator Sd�2, there are still infinite ways to “push the free
boundary @{z > 0} \ B1 towards a hyperplane”.

Let me briefly explain how one can approach the (log-)epiperimetric inequality in any dimension.
The idea is very general and consists in slicing the competitor over the di↵erent spheres @Br, r 2 (0, 1),
and look at it as a flow that moves the trace h1 towards a homogeneous (blow-up) solution. I came up
with this slicing method while working on the one-phase problem in higher dimension and, together
with Colombo, Engelstein and Spolaor, we used it for the isolated singularities of the one-phase problem
[57] and (almost-)area-minimizing currents [56], and to the obstacle and thin-obstacle problems [44].
The method is based on the following observation: If h : B1 ! R is written in the form

h(r, ✓) = r↵hr(✓) where r 2 (0, 1] and ✓ 2 Sd�1,

then we can write the energy of h as the energy of the di↵erent slices hr, integrated over r 2 (0, 1).
Precisely, for any ⇤ = 1p, 2p, v, ob, th, we can disintegrate the energy W⇤ over the slices of h as

W⇤(h) =

Z 1

0
F⇤(hr)r

d+2↵�3 dr +

Z 1

0
|@rhr|2rd+2↵�1 dr,

where the functional F acts on the (Sobolev) functions on the sphere. For instance, we have

F1p(') =

Z

@B1

�
|r✓'|2 � (d � 1)'2 + 1{'>0}

�
d✓ and Fob(') =

Z

@B1

�
|r✓'|2 � 2d'2 + '

�
d✓

Thus, one can restate the question (Q) as

(Q2) How can one construct a flow r 7! hr that decreases the energy F?
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Construction
of the competitior at
the flat (regular) points.
Spolaor-Velichkov
(CPAM 2017)
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LOG-EPIPERIMETRIC INEQUALITY

What if the point is singular?
At general singular points the epiperimetric inequality cannot hold!
Reifenberg (Ann. of Math. 1960) + Figalli-Serra (Invent. Math. 2018).

Theorem (Colombo-Spolaor-Velichkov): Let E be the obstacle-problem energy.
Given a 2-homogeneous nonnegative function z : B1 → R ,

there exists h : B1 → R such that:

h ≥ 0 in B1 h = z on ∂B1 E(h) ≤
(
1− |E(z)|γ

)
E(z)

Corollary (Colombo-Spolaor-Velichkov, GAFA 2018):
Let u : B1 → R be a solution to the obstacle problem.
Then the singular set is contained in a C1,logγ -regular manifold.


