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THE OBSTACLE PROBLEM

Given: - a domain D C R? is the obstacl ]
S 18 the obstacle

-a function ¢ : D — R, /[

- a boundary datum f : 0D — R. —’—)[ f=pondD J

s N

coincidence

\. J

Minimize / |Vw|*dx among all the functionsw : D — R
D
suchthat w=f on 0D and w > ¢ in D.




THE OBSTACLE PROBLEM: REFORMULATION

N

Minimize / |Vw|?dx among all the functionsw : D — R
D
such that w=f on 0D and w > ¢ in D.

Setting: r \

u:=w-—¢p /[Vw\zdx:/w(u—i—go)\zdx

g:=f-¢ P ?

— —/ ]Vu]zder/Zch-Vuder/ \Vl|? dx

Standart b D b

assumtion: :/ ]Vu]de+/(2Ago)udx+const.

Ap=1h L D D J
L J ‘

Minimize / (|Vu]2 + u) dx among all the functionsu : D — R
D
suchthat u=gon 0D and u>0in D.




REGULARITY OF THE SOLUTION

[ 1968 Brezis-Stampacchia (Bull. Soc. Math. Fr.) - u € Ch®

[ Corollary: e 2, = {u > 0} is open
o Au=1pin Q,
e Vu is defined on 9€),,.

the graph of u over B,

the graph of g over 0B

0B, the free boundary 0%,

Optimality condition:
IVu|=0 on 09,

1 .
Au:iﬂ{u>0} m B1




OPTIMAL REGULARITY OF THE SOLUTION

1973 Gerhardt (Arch. Rat. Mech. Anal.) - u € C1! ]
Blow-up:
For xy € 090, and r > 0, define
1
Upx, () := r—zu(xo +rx) g’
Then: e 1, ,, is a solution in By;
° ‘aiajuT7X0| S C

Corollary (Compactness of the blow-up sequences). Let r, — 0 and xo € 0%,.
Then, up to a subsequence, .
Up, x(X) 1= r—zu(xo + 7pX),

n
converges to a blow-up limit u.




CLASSIFICATION OF THE BLOW-UP LIMITS

~

Regular blow-up limits.
The blow-up limit ug : By — R is regular
if there is a vector v € 9Bj such that ug = h,.

Half-plane solutions: Ahy, =1/
1 5 h, >0 ~
hzx(x) = E(x'y)—i- -

Singular blow-up limits.
The blow-up limit uy : By — R is singular
if there is a matrix A such that uy = Q4.

Global singular solutions: AQa=1p

1 1
Qa(x) = Ex-Ax where {rA= T {OA=0}=Ker A




DECOMPOSITION OF THE FREE BOUNDARY

r

\

Theorem (Caffarelli):
The free boundary can be decomposed as

08, = Regq(082,) U Sing(982,)

A
. SINGULAR
xg € ), : every blow-up at xg is regular} POINT

Reg(0,) :=

Sing(0Qy,) == {xo € 09, : every blow-up at xg is singular}

Structure of the regular part of the free boundary
1977 Caffarelli (Acta Math.) - Reg(98),) is a C1*-regular manifold.
1977 Kinderlehrer-Nirenberg (Ann. Sc. Norm. Sup. Pisa) - C1® => analytic.

[ What about the (closed) singular set Sing(052,)? ]




THE SINGULAR SET IN DIMENSION TWO

~\

1977 Caffarelli-Riviere (Ann. of Math.) 1( 2003 Monneau (J. Geom. Anal.)

. Monneau monotonicity formula
B € Sing vf

J \\

1976 Schaeffer (Ann. SNS Pisa)
1991 Sakai (Acta Math.)
1996 Sakai (Ann. SNS Pisa)
1999 Weiss (Invent. Math.)

o I' € C! (Caffarelli-Riviere, Monneau); I' € C1® (Weiss);
o ' N Sing might be a Cantor set if Au = f(x)1y,~0) (Schaeffer);
o I' N Sing is finite if f(x) is analytic (Sakai).




THE SINGULAR SET IN HIGHER DIMENSION

~

Stratification of the singular set

e At every x( € Sing the blow-up is unique (Caffarelli’98):
tyy = Qa,, = X - Ay [¥]

e Every xg € Sing has a rank:
Rank (xp) = dim Ker Ay,.

e We define the m-th stratum X, of the singular set as:
Xp € X < Rank (xg) = m.

1998 Caffarelli (J. Fourier Anal. Appl.): %y, € C!
2001 Monneau (Progr. Math.): %, € C

2018 Colombo-Spolaor-Velichkov (Geom. Funct. Anal.): 33, € Cl1°#

2018 Figalli-Serra (Invent. Math.): C11°8 is optimal, but %, is a.e. C!'! or better.




EPIPERIMETRIC INEQUALITIES

Minimal surfaces

1960 Reifenberg (Ann. of Math.) - regularity;

1966 Jean Taylor (Ann. of Math.) - Y-type singularities;

1984 Brian White (Duke Math. ].) - two-dimensional currents.

~

The Weiss approach to the regularity of the flat free boundaries

1999 Weiss (Invent. Math.) - obstacle problem;

2016 Focardi-Spadaro (Adv. Diff. Eq.) - thin-obstacle problem;

2016 Garofalo-Petrosyan-Vega Garcia (J. Math. Pures Appl.) - thin-obstacle problem.

Direct approach —> log-epiperimetric inequality —> constructive approach
2017 Spolaor-Velichkov (Comm. Pure Appl. Math.) - the one-phase problem;

2017 Colombo-Spolaor-Velichkov (Geom. Funct. Anal.) - obstacle problem;

2017 Colombo-Spolaor-Velichkov (Comm. Pure Appl. Math.) - thin-obstacle problem;
2018 Engelstein-Spolaor-Velichkov - the one-phase problem;

2018 Engelstein-Spolaor-Velichkov (Geom. Topol.) - (almost-)minimal surfaces;

2018 Spolaor-Trey-Velichkov - the two-phase problem (for almost-minimizers).




THE THEOREM OF REIFENBERG

~\

Hypotheses

1. Monotonicity formula:

0 1

aE(ur) = ;(E(zr) — E(uy)) + % /8]51 x - Vi, — 2u,[?

\ J

s D

2. Epiperimetric inequality: E(u,) < (1 —¢)E(z,)

\ J

Thesis

[ There is a unique blow-up limit uy = liné Uy ]
r—

[ [tr —uollr2o8,) < 1° forevery r>0 ]

[ The free boundary is C-¢-regular. ]




EPIPERIMETRIC INEQUALITY

[ How to prove the epiperimetric inequality for the energy E? ]

Given a 2-homogeneous nonnegative function z : By — R,
find /i : By — R such that:

(n>0inB | [ h=zonoB, | [E(h)g(l—s)E(z) ]

Construction

of the competitior at
the flat (regular) points.
Spolaor-Velichkov
(CPAM 2017)




LOG-EPIPERIMETRIC INEQUALITY

What if the point is singular?
At general singular points the epiperimetric inequality cannot hold!
Reifenberg (Ann. of Math. 1960) + Figalli-Serra (Invent. Math. 2018).

Theorem (Colombo-Spolaor-Velichkov): Let E be the obstacle-problem energy.
Given a 2-homogeneous nonnegative function z : By -+ R,
there exists 1 : By — R such that:

(h>0inB, | (h=zonoB, ) [ E(h) < (1 - [E@)D)E@) ]

Corollary (Colombo-Spolaor-Velichkov, GAFA 2018):
Let u : By — R be a solution to the obstacle problem.
Then the singular set is contained in a C1'°¢” -regular manifold.




